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Error Bound o A len 3
oL T
Oninterval [a,b], if |f"(x)| < M, = o < 0'062%?““‘ % — 8]
' M o t,;t;n;:;‘
then |f(x) — T, (x)| S-z—|x—b|2. o oouﬁ::‘:?”r Beumo
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Entry Task: Let f(x) = x/3. Exnmece ] Y oo+ (- 2 y
(a) Find the 1% Taylor Polynomlal | | T2+ X 22,083 | ooy
based at b = 8. CACTUAL” = 7 0800636

(b) Give a bound on the error
over the interval [7,9].



2" Taylor Polynomial is given by Ernen Sécfwo_l

1 RO
Ty(0) = F(B) + £ (0) (x = b) + () (x — b)?
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Quadratic error bound theorem ' Eine = oompetse I _off
On interval [a,b], if |f"'(x)] < M, N~ (o 7
M - _
then |f(X)—T2(x)| ﬁle—blS, - G, 0001 4
EXAmES
Example: —
J 2t —arla-e)™
Find the 2" Taylor polynomlal for 1 & "‘:Wfif) 201
f(x) = x1/3 pased at b = 8 and find _f_ﬂ?_j_q“,‘_.f; 0,00074Y
an error bound on the interval [7,9]. “petusl' = 2.0800818
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Taylor Approximation Idea:

If two functions have all the same
derivative values, then they are the
same function (up to a constant).
Let’s compare derivatives of f(x) and
T,(x) atb.

T 3
To(x) = f(b) +F(b)(x = b) +f (D) x Sy G-y
’ ’ 17 N & *
T;(x) =0 +f'(b) + f"(b)(x—b) < A T4
=0 +0 470 B FERTeRs
5" (x) = 0 :
| v
Now plug in x = b to each of these.
- What do you see? Yy =2T.2-0 =6
- Why did we needa 2 ? _qu'”(L)/x-U-z Yl =432 =24
- What would Ts(x) look like? 7 30 . LSl =g
- What would T4(x) look like? . ) ,f’”([)fx 1) o) o | a2

(Ts(x)?, Te(x)?...)



n* Taylor polynomial

F(B) + £ (B)(x = b) + 5" (D) (x = Y2 + = £ (B)(x — b)® + -+ = F W (b)(x — H)"

Taylor’s Inequality (error bound):
on a given interval [a,b],
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() = ) S fPGE=-bF e < i then

In sigma notation:
n

+1
@ -T®@I < k=Bl
Example: Find the 9" Taylor . oy N
polynomial for f(x) = e* basedat = < =lftxtzx +zXx* “"*‘*,‘-x
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. P, AT > = A
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f(x) = e* and
Tl(x): TZ(X)I T3(X), T4(X)I T5(X)



Example: Again consider,

f(x) = e*basedath = 0
Find the first value of n when
Taylor’s inequality gives an error
less than 0.0001
on [—2,2].
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i T £ |S-0|" <0000
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Tene 13 No

So we guess

Nzl = NO
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Side Note:

For a fixed constant, a, the expression
k _ .
% goes to zero as k goes to infinity.

: 1 o+l
So the expression ey |x — b|""",

will always go to zero as n gets bigger.

Which means that the error goes to
zero, unless something unusual is
happening with M, which will see in
examples later.



TN 4: Taylor Series Note: If
v g M
Def’'n: The '.I'aylo.r Series for f(x) lim x — b|™+ = 0
based at b is defined by n-o (n + 1)!
then x is in the open interval of

Z /PO =D = m T convergence

If the limit exists at x,
then we say it converges at x.
(i.e. the error goes to zero at x)

Otherwise, we say it diverges at x.
The open interval of convergence

gives the largest open interval over
which the series converges.





